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AN AFPTOXIMATE METHOD FOR CALGULATING THE COLLAPSING FYRESSURE

OF THIN CYLINDRICAL, CONICAL, AND SFHEWICAL SHELLS_UNDER

“UNTFORM EXTERNAL FRESSURE.

TOKUGAWA Takesada

(Doctor of lngineering; Member;
Rear-Admiral (Naval Congtruction);
\ and Chief of the Shipbuilding Research
Section of Wavel Technlcal

Research Laboratories).

[Note: The following represents a report read at a 1ecture meeting of

the Zooen Kyokal [&-ihix:bui‘.\.ding Asacciatioﬂ , held 17 November 19)197 .

Author's Engliah-Lan‘gage Abstract = The author deduces the approximate
formulae for calculating the collapsing pressure of conical and spherial
shelle under uniform exiernal pressure {rom the exact Lormulae for cylin-
drical shells, snd shovs that the results of eellapsing experiments relating
to elastic stebility of mild=steel shells of the above=mentioned ihree

typical shapes can be reprecented by a single curve,

Author's Japanese-Languuge Abstrect = The author has contributed over
the past ten or 8o years to experimental revesrch on the collapse, due to

oyternul pressure, of thin-wall cylindrical, conicsl, and sphericel shells.

in this treatise the author describes a convenient method for axpressing

conpactly the resulis of these experiments, which he devised during this
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period of time. At the end he appends assembled illustrations of all resultis

of experiments on various mild-steel shells, which had been conducted accord=

ing to this method mentioned above,

(I) Simple Formula for the Stress Intensity and Collapsing
Thin-Wall Cylinder.

Pressure of a

The author has already reluted several times the results of his researches
on this subject at lecture meetings of this Association and on other occae

sions. In his earliest report (1) he expressed, as below, the theoretical

value of ’pk, the pressure at the time when a thin=wall cylinder with strong

1id attached at both ends is subjected from all sides to uniforn external

pregsure and consequently collapses because of elastic instability:

e lews

2, 422 b g
{.} = {(n + S -ﬁ%} s (1)

where pk = collapeing pressure

8
L ED 2 okl L2, 5,2 fsve
P IGE | T ) T

S = thickness of the sylinder shell
D = average diameter of the oylinder

; o - 7o,
A Wnsupported length [erctrs ns e rafes K 7L 7
E = the material's modulus of elasticity

@ = Poisson's ratie

n = the rnumber of furrows (corrugation lines)

i’
NI2£ 2
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Now (X2 can be disregarded in comparison with unity since /Z ls fairly

2

large (obviously we can also discard 9(2 in comparison with n® since n 2-2);

therefore formula (1) cen assume the following form:
o2 wh,z2 2 8\2. 2 _ 12 .
™ £, (=)%, -] ? . !
pk n2-l nh 3 (1 - 0-2) (D) (n ) . ( )

N - This simplifies the collapsing-pressure formula in the case of cylindricsl

shells of the above=mentioned measurements (V\2<< 1; =2 & nz).

If we know the ratio-B from the measurements of the eylindrical shell,
given above, and 1f we describe sccerding to formila (2) the relation between
unsupported length ,é} and collapsing pressure Pk for various coriugation
numbers (that is, n =2, 3, L4, ....), then we can draw a single curve for
each value of n, thus getting a family of curves, Thus in the case of a
cylinder whose actual value ,L/ is given the value at which collapse ocours
corrosponds to the minimum value ameng the various pk; clearly the corrugation
number n also must correspond to this value.

Consequently ;.i‘ the envelop of this family of curves is drawn belore=
hand, then the g}é;ﬁ:e;é%é& (of ordinate values) between the effective
parts of each curve and the envelop are few; thorefore we can by this seel
to keep Irom restricting the collapsing prassure pk on the corrupation
number n, !

Here, in finding the envelop of the P, curves, we determine n frem the

expression ’apk/ ?n =0 and insert it into the main formula (3).

-3
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That 1s, we get approximately

,orn= bR (2 "0'2)%- (3)
(L/0)%(stn)

b9 =g-@)

Tneerting this value of n into the main formula we obtain the following

formul.a for the envelope:
A |-—~4.C"?' >
P 30E (- E<,(/,)("J> ()

Looking at the form of these formulas we see that the main formula (2)
ig a binomial containing (%) and G%)3, whereas formula (i) is of a form
containing only the single term (a/D)a’s; therefore, according to the main
formula (2), if we take (DLZ ) aleng the axis of absclasae and draw the p,
curves we can obtain a single curve for each value of (8/D), with Py finally
appearing as a famlly of curves. but, according to formula (L), if we tske
(/L )-(B/D)e'S glong the axis of abscissae and draw the py curves, then
no matter what the value of (a/D) only one curve will result.

Now if we take & = 0,3 in the case of mild steel, py becomes as follows:
Dy.(8y2.5
p, = 2E ()67 (5)

1f we also use formula (3), then the number n of cerrugations that
arive in surrounding walle becomes the integer closest to the value deter=

mined by the follewing formula:

n_‘/-i .06 (6)
N(.?/?DJEZS/D; ’

-l .
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Thus the approximate value fk of the hoop stress intensity arising in
cylindrical wall at this time is £ = pD/2s; therefore from formila (5) we

get fk as follows:

= D P—-...B...l's
fk 1.2E gf) (D) (1)

(IT) Approximate Formula For the Collapsing Pressure Intensity of Thine

Wall Conicel Shells (27,

It is nogigll possible to solve purely theoretically, as in the case
of the cylinder, the problem concerning the elastic stability of a thin-wall
cone subjected to external pressure, (A, Flugper, Stebilitdi dinner
Kegelschalen, Ingenieur-Archiv, 1937).

However, results in the conical problem are complicated and are romari-
ably lacking Ln precticality.

Accordingly the author, as he related at the DNecember 1931 Gongress of
the Applied Mechanies Leapue Zﬁya Iikigaku RengB/, solved this problem
approximately, Ly borrewing the formula for the collapsing pressure of a
eylindrical shell and by assuming a conieal sholl which hugs the same atability
88 the cylinder,

If we first take one peneratrix of the eoniesl surface and consider it
a8 a single rectilinear beam, fixing it firmly at the point correspeonding
to the apex and merely supporting the end corresponding te the bottem, and
next assume that it 1s loaded with a hoop stress varying according te lenpth
(see Figure 1), then the maximum bend will oceur ut a place about Oo&Aé
from the apex (the length of the peneratrix is designated by_g?). We assume

-5a
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for the time belng that this is the point of maximum hoop compression along
the conical generatrix, If next we construct the normal plane to the’
conleal surface at a point A which 15 at a distance 0.6,2 Lrom the apex
on the generatrlx, then this normal Plane and the conical surface form a
conle curve (sectlon), Then erecting a normal to the conical surface at
this point A, we assume that 1t Interccts the axis of the cone at Be In
this way we abtain AB, the radius of curvoture of the conical curve at
point A, Tierefore, as &n avproximate method for solving the problem of
collapse in a perfect conical shell, ve can consider the cone's collapsing
pressure to be the limiting pressure p relative Lo the collapse of a thin
wall cylinder whose length ls,&g and whﬂch 8l80 possesses a radiug r = AB
equal to the radius of curvaturs,

That is, we have:

p =2y (-27) (8)2:5

k
where
d = 2r = 0,6 D/con O (D = diameter of the bottom),
The number of wrinlkles (corrugutionﬂ) nl generated in this case on the
eonical surfacre snuals the integer which is closest to the velue expressed

by the Lollowing formula:

N udn 2nrices@

" (?mj (..L )

= .5 @
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Also, the hoop stress intensity which occurs at this place of maximum

comprassion 1s glven by:

L T d _5_1.5
g =128 () Q)

(ITI) Approximate Formula for the (ollapsing Stress Intensity of

Thin-Well. Spherical Shells (3>.

Tt seems thal the complote solution of the collapse ol a sphere still
cannot be obtained theoretically. AU least there are ne solutions that
can be applied prectically. Therefore the author endeavered to derive an
approximate formula for the collapeing pressure of a spherical shell by
means of new ideas.

Since the ovhere wossesses perfect symmeiry relative to the center,
the shepe of the sphere at tho instant of collapse must also be symmetirical
rolative to the center. 7Therefore the proper procedure to follow 18 to
asBume thaQﬁgnape at the very instant ef the spherical shell's collapse is
u repuler polyhedron., In shori, the hollow depressions at the moment that
the sphera eerllopses are ereatved in the positiens that correspond to ihe
faeies (hedra) of ihe regulsr polyhedren. Now let us consider a repular
polyhedron sueh that each edye touches the sphere, (This polyhedron can
be considered to possess that shape which ir closest to a sphere located
betwean the inmer eontiguous (inseribed) sphere and tlie outer contiguous
(oircumseribed) sphere.) We can approximate it by means of conical shapes
whioh contain as the generatices the edges wh;ch eollect at an apex of this

polyhedron, Now, as is well knowm, what we call regulsr polyhedra can only

=7 =
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be the five regular geometrical solids possessing i, 6, 8, 12, 20 facies
(tetra=-, hexa-, octe=-, dodeca=, lcosa~ hedra)., The problem is which of
thege [ive should be taken to approximate a sphere at collapse, In conslder=-
ing this problem the author attempted to select two reascnable possibilities.
(See Appendix II)s At any rate, the figure most suitable for thiakcaqe

among the above-mentioned regular polyhedra was finally decided to be the
regular icosahedron (20 feclies), According to the information (see Figure 2)

related in detail in reference (3) of Appendix I, we have:

4 =0.310D,
if d = 0,6 D is the diameter (where D is the average diameter of the spheri-

cal shell). Therefore, since d{£ = 1.94, we may set s/0,6 D in place of
s/D and d//e = 1,94 in equation (5) giving the collapsing pressure of a
cylindrical shell. That is, we have:

p, = 2 x 13l (glgp)®*® + 2.k g3l @2*% « 26,708 9205 (1)
. P X0.6D _p.pr . 16,70 8y1le5 , g, 8y1e5,
fk 5 T -ETSE xE (D) 5.0 E (D) (12)

(*Note: As 18 well'known, the hoop siress intensity of a spherical
shell is theeretically £ = ph/La, The difference between this and the
preceeding value merely results from our employing the approximate deri=-

vation discussed above.)
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be the five regular geometrical solids possesaing L, 6, 8, 12, 20 facies
(tetra-, hexa=-, octa-, dodeca-, icosa- hedra), The problem is which of

these fdve should be taken to approximate a sphere al collapse. In conaslder=-
ing this problem the author attempted Lo select two reasonable posaibilitles.
(See Appendix II)e AL any rate, the figure most suilable for this case

among the above-menlioned regular polyhedra was f{inally decided to be the
regular lcosahedron (20 facies), According to the information (see Figure 2)

related in detall in reforence (3) of Appendix I, we have:

d=o0.,
i dw* 0,6 Dis the diameter (where D is Lhe averape diametor of the apheri=-
cal ohell), ‘Therefore, since déz = 1,94, we may sel s8/0.6 D in place of
a/D and d//e = 1,94 In equation (8) piving the collapsing pressure of a

cylindrical shell. ‘That lo, we have:
p, * 28 x 1o (g% « 2k hdD)-@7% = 26.70m (&) (11)

ros P X 0.6 D _ p pt . 16.70
k 28 s 33

?E—l'ss’ ‘,_5‘115
xE (D) 5.0 1§ (D) . (12)

(*Notu: As 18 well known, the hoop siress intensiiy ol a spherlcal
shell iv theoretically £ = pD/hs, The difference Lietween this und the
preceedin); value merely resulis f~om our employing the approximute dori-

vation discussed above.)

-l
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(IV) Convenient Method for Ixpressing Compactly the Results of Experiments

on the Collapse Intensity of Various Shells,

We finally obtain the following compact table expressing the approximate
formilas for the hoop stress intensity and collapsing pressure of the cylin=-

drical, conical, and spherical shell:

Shell Type: Approximate formula Approximate Formula Theoretical Formula
for Collapsing Pressure: for Hoop Stress Intensity: for Hoop Stress

Cylinder Py * 2.4 B (2?-) (%92'5 fk = 1,2 E&"pj') (%)1'5 f --g-g—

Cone P, " 2.4 E@%j G%)e's fk = 1,2 EE%J G%)l's £ =-%ér

Sphere P, = 16.7 E(%)Z'S £, = 5.0 :»:(-%)1'5 N --E’al

(*Notc: Tha place of maximum compression.)

How may we summsrize the resulis obiained from collapoing tests on the
various shell types containing the same moterial and data?

(0L course if they are not made of the same material, the shapes of the
curves oxpressing the siress=sirain relation will net be enual; therefore
it would be illopicsl Lo compare them.)

The author hos tentatively formulated the following procedure: Namely,
using logarithmic ruled paper, place on the axis ol abscissse the values

(0/4 )'(G/D)l'5 (for the eylindrical shell)
(4/0 )+(8/d)*+3 (for the conical shell)
o7 '(s/D)l'5 (for the spherical shell);

“B -
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next compute the values of the hoop stress intensity f{ - namely,

|
A

o= (p n/2s)" (for the cylinder)

= (py d4/28)* (for the cone)

= (o D/is)*  (for the sphere) ==

from the pressure obtained experimentally and place on the ordinate axis.
(%Note: We employ the theoretical formulas instead of the approximate

formulas in determining the hoop stress,)

(V) Results of Graphing, According to the Above-Deseribed Procedure,

Previous Ixperimental Values; Conclusions.

The various mild-steel shells investigated by the author total 130,
divided as followa:
1, 52 cylinders (none were reinforced):

diameter 600 mn; thicknass 2, 3, 5 mmj length, various,

2, Ll conical shells:
bottom diameter 60O mmy thiclmess 3,5, 6 mm; height, various,

3. 3L spherical shells:

diameter 200, LOO, 600, BOO mm; thickness 1, 1.5, 2, 2.5, 3, L, 5, 6 mm,
These values were placed, as in the appended {igures (see Figure 3), in
proper eerrespondence io the values on the axis of abscissae on the above=
muntioned logarithmie ruled paper; furthermore, I tentatively included aleo
the results of experiments (1L3) conducted by the German Navy during World
War I . As is evident from the figure; the points are distributed compar-

atively well in a fixed band, If we allow a unit margin of about 15¢% above

-10 =
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and below the mean curve, we obtain results that are completely applicable
in practicel plans, Lepecially interesting, as we note, is the fact that
this curve plainly suifers an inflection alfter one passes heyond the point
of the structural meterial's proportional limit (in the case of mild stecl,
&s hore, this Limit s L800W1900 Ke/en® ),

the fact that the experimental meoan curve 1§ below the approximate theo-
retical velues is due probably 1o the boundary conditions of the end faces
or to the skill (or lack of it) in the construction and inhomogenieties of
the material; thereforo, the longer the shell the closer the experimenteal
values approach the theoretical values, and up to the 1init of proportionallty
the causes ol this decrease in the experimentel values may be ascribed 1o
the so-called "imprecision of construction, Above tne proportional limit,
however, the material enters the plestic stoge and thersfore the msterial's
elealie modulus changes to canfuse the picture, Consequently, il we cen
decide the stresa~sirain reletion ol the malerial's plastic stage, then
thls problem too could bLe clarified, accordiny Lo the author's opinion.
The author is still endeavering to conduct investigations in connection with
this problem.

Finelly, the suther wishes to talke this opportunity to exprens his feel-
ing of gratitude to the various personnel ol the Navy Techiniecal Laboralory
(Kedpun Giken) for their assiatance and to thie Navel authorities concerned

in this work, who pormitted him to present this paper at this meeting,

-1l =
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Appendix I, Works of Authors Mentioned in This Report.

(The indes numbers here are the same as those used in the text,)

Medel
(1), "Mete Txperiments on the Elastic Stability of Closed and (rosge

Stiffened Circulsr Cylinder Under Uniform External Pressure," Paper
No. 651, World Ingineering Congress, November 1929.

(2), ‘"Experiments on the Rlastic 8tability of Thin-Wall Cone Under Uniform
Yormal Pressure on All Sides, and An Approximate Method for Computing
Its Collapeing Prossure." Publishcd report heard at the Applied
Mechanics League's /Byo Fikigaku Rengd Taikai/ November 1931, Congress.
Shipbuilding Associstion [Zasen Kydkei/ Miscelleneous Publication
Mo, 125 Annex (published August 1932, papes 151-169).

(3)s "Experdments on the Collapse ol a Thin Sphere Under Fxternsl PFressure,
and en Approximste Method for Computing ite Collapsing Pregsure."
Published report heard at the Shipbuilding Association's Autwumn Lecture
November 1436 Meeting, Shipbuildéing Associsiion Leport No. 59 (pub-
lished Decembor 1937, pages 179-15k),

| (3)* Thidem. See Farmula = (7) on page 183.

! (4)e TOKOGAWA Takesads, and KITO Shijo. "Fundamenisl Theory of Elastic

5tebility," papes 225-228, Publication ol the shipbullding lesearch

Seetion of the Naval Technical Hesesrch Laborateries, (Not for sule).

Appendix 1j. lieasons_for Assuming i1 Proper to Jelect the Repulsy Icosalhiedron
lrom_Amonyt the Five Hepular Polyhadra When Approximutiny to the Conditions

Governinpg the Collapse of Thin-Wall Spherieal Shells.

(i) The "Cover relation" = namely, the area of the spherical area

-la-
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which is covered by ihe cone whose apical angle is 2 @ -~ is given by the
expression ¥ = 2nr? (1L - 5in@) = 2nhr (see Figure k).

If the number of apices P is taken as n, then it 1s covered by &l the

The area of the spherical area is M.n. If the ratio of this to the

entire sphere's area bur2 is provisionally called the "cover ratio", we

Type:

regular tetrahedron
regulor hexahedron
regular octahedron
reguler dodecahedren

regular lcosahedron

on a flat area,

12
20

Declassified in Part - Sanitized Copy Approved for Release 2012/03/12 : CIA-RDP82-00039R000100190001-0

havet
Mon 2nrén(1-sin g) . n
& B e . - 51 .
BrCiTe Spherels &rea ling? vl (1 - sin g)

Now, il we compute K relative to the various pelyhedra, we gebt:

K Shape of the Various Faces
35°16! 0.8)3 regular triangle
Bl elyh 07l regulsr square
li5e0! 0,879 regulsr triangle
69°5! 0,660 regular pentugon
5BOLT!  0.89 regular trisngle

If, on the other hand, n is very large - that is, il we corsider the
case where we insert into the sphere iniinitely many very small cones = this

becomes equivelent te the problem of srranping upproximately round plates

-13 =
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In Figure 5 the parts with the oblique lines = that is, the perts re-
maining after the courtyard has been eliminated - are as follows:
O
— 2,
(a) K= <TW %O) ?
7(2r)-2r cos 30°

) K = (fr* e ) 4

=0.904 in the case of a regular tri-
) angle consisting of circular srecs.

in the case of a regular square

2Ar e =07854 congisting of circulsr arcs.
72
(nrisrs) 5 .
(¢) K™ me 260/ ~ _ ﬁig] (e is the length of one side
D o)/ 3VE 06875 of the regulsr dodecahedron)

5 =VE o o
in the cese ol a regular penta=-
gon consisting of c¢ircular arcs,
The regular hexahedron and regular dodecahedron, in which the parts with
"eourtyard" excluded are souares and pentagons consisting of circular arcs,
are the least from the standpeint of the "cover ratio"; therefore, we have
10 consider only the problem of the irien;le consisting of circular arcs.

In every case K must bhecome larger a8 n-» o0, but the one closeul to exireme [n'ml-l;

value 0,906 is the value 0,89} belonging Lo the repular icosahedron.

(11) If we tske the edge of euch regular polyhedron as ilie generatrix and
compute teniatively for cuch regulsr polyhedron the ratio H/D (= height/

bottom diumeter) of cones contasined, we get:

Polyhedrons K H/D
regulur teirahedren 0,843 0,708
regulur hexshedron 047l 0,353
regular octshedron 0.879 0198
- reguler dodecahedron 0.660 0,150 '
regular ieosahedron 0,894 0,315
T B
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In Figure 5 the parts with the obligue lines ~ that is, the perts re-

maining after the courtyard has been eliminated - are as follavs:

(Trt*""'r;é'gg))'ﬁ

(a) K== 20,906 in the case of a regular tri-
£(Qr)'2rufo§ 300" ' angle consisting of circular arcs.
L2 8N
(k) K = (nr 260 ) i = 07 54 in the case of a regular square
ar 0 07854 consisting of cireular arca.
2.7 ‘
et )5 _
(e) K= ( 260 L _ Aﬁig? (e is the length of one side
F06615 of the regulsr dodecahedron)

in the case oi' & regular penta=-
gon consisting of cirecular arcs.
The regulsr hexahedron and repular dodecahedren, in which the parts with
Neourtyard" excluded are sounares and pentopons consisting ol eircular ares,
are the least from lhe stendpeint of the "eover ratio'; thereiore, we have
1o consider only lhe problem of the irisr; le consistiing of circular arce.
In every case K musi become larger as n-w o0, but the one closest to exireme [l it

velue 0.906 i the value 0,89 belenging Lo the repulsr icosahedron.

(i) If we tske the edpe of each repular polyhidren us the penerotrix and
commtie tentatively Lor cueh reguler polyhedron the ratio H/D (= height/

bottom diumeter) of cones contuined, we pebt

Polyhedront K H/D
regulur tetrshedron 0.843 0,705
reguler hexuhedron 0.7l 0,353
regular ectuhedron 0,879 0496
reguler dodecahedron 0.660 0,190 '
regular ieosahedron 0.894 0,315
-1 -
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When we actually examine the appearances and forms assumed during
collapse of conicel shells, we find that the ratio H/D = 0,367 is located
on the inflection point, and the conditions governing collapse corresponding
to ratios H/D below this vary from that of (a) in Iigure 6 to that (L)
When we experdmentally study the pattern ol collapse in sphericsl shells,
we Iind that it assumes the appearance shewn in (b) of Figure 6.

The ratles o: the above=mentioned regular hexahedron and dodecahedyon

are less than 0.367, but from the peint oi view of the "eaver ratio" there
1s no problems The H/D = 0,315 ratio of the regular icosahedron remains
a5 the most suitable value,

According to the above-discusaed reasens we must choose the regular
icesahedron, a¢ we consider a hypothetical conical body to exist at each

apex of this regular icosahedron,
Discussion

f Chairman (KUWAHARA Chuii): If there are any ouestions or opinions relative

1o this report, plesse spesk. Are there no ouestions? Well then I should
like to ask a little questiion myself, Did you carry out the limit process

in the plate thickneus and diameter?

IOKUGAWA Takesada: It wae about 0.003, us usual,

,

Chairman (KUWAHALA Chudi): Any more questions? Since it secems that no ene

desires to speak, I should like to say a word or two. Dr Tokugawa is a
grest autliority on thie problem, ard has publislhied numerous reports, Our

country too is using the results o1 resesrches in its design oi Bubmarines,

f =15 -
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T wish to express my gratitude thet his useful investigatlons were able to

Le reported. I am sure that every ene will wish to show their appreciation

F &iﬁmJnﬁ“ﬁ;} 4t

|

‘ and already very great advantages have been obtained and applied. Now,
blingXégiethcr the results ol long years ol research, Mr Tokugawa has con=
atructed simple tormulas for computations in connection with cones, cylinders, T

& and soheres, which T think facilitates the work oi the actual designers

l

|

|

|

k

by applauding. (Applause.)
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